The standard model of spin-powered black hole jets is the Blandford-Znajek (BZ) model. Unfortunately, the BZ jet power depends on an arbitrary function, ΩF (θ), which controls the angular distribution of field line velocities at the horizon. In practice, this function is fixed by finding exact solutions of force-free electrodynamics (FFE) and reading off ΩF (θ). We prove that all stationary, axisymmetric solutions of FFE with roughly uniform distributions of field lines at the horizon and at infinity have ΩF /ΩH ≈ 0.5, where ΩH is the angular velocity of the horizon. We derive a formula for ΩF (θ) that depends only on the angular distribution of field lines at the horizon and at infinity (the full FFE solution is not needed). We give a physical interpretation of our results using the black hole membrane paradigm and a recent extension which treats future null infinity as a resistive membrane. We show that ΩF /ΩH is controlled by impedance matching between the membrane at the horizon and the membrane at infinity. Both membranes have the same surface resistivity, 377Ω. This universality ultimately explains the universality of ΩF /ΩH ≈ 0.5 and fixes the ambiguity in the BZ jet power prediction.
I. INTRODUCTION
Accreting black holes can produce powerful relativistic jets [1] . The accretion flow threads the hole with a magnetic field and the field extracts the hole's rotational energy. The standard model for these jets is the Blandford and Znajek (BZ) model [2] . The BZ model can explain the enormous luminosities of active galactic nuclei and there is also evidence that stellar mass black holes drive BZ jets [3, 4] .
Unfortunately, the BZ model depends on two arbitrary functions, A φ (θ) and Ω F (θ), which fix the angular distributions of magnetic flux and field line velocities at the horizon. In practice, these functions are determined by finding exact, semi-realistic solutions for black hole magnetospheres and reading off A φ (θ) and Ω F (θ) at the horizon. Black hole magnetospheres are described by forcefree electrodynamics (FFE). This is a nonlinear set of equations, so exact solutions are rare. For slowly rotating black holes, there are perturbative solutions describing split-monopole and paraboloidal fields [2, 5, 6] . In general, one must solve the FFE equations numerically [7, 8] or resort to general relativistic magnetohydrodynamic (GRMHD) simulations of accreting black holes [9] [10] [11] [12] [13] . The simulated jets are well-approximated by FFE.
In all cases, one finds that the magnetic field is distributed fairly uniformly over the horizon (except possibly at near-extremal spins, where the field lines tend to bunch near the spin axes [11] ) and Ω F /Ω H ≈ 0.3 − 0.5, where Ω H is the angular velocity of the horizon. So a standard choice for the arbitrary functions in the BZ model is to assume a roughly uniform angular distribution of field lines and set Ω F /Ω H = 0.5. In this case, the * rpenna@mit.edu jet power is [11, 13] 
where Φ is the magnetic flux threading one hemisphere of the horizon. Solving FFE (or GRMHD) for exact solutions of black hole magnetospheres requires great effort. The appearance of Ω F /Ω H ≈ 0.3−0.5 at the end of these calculations is surprising and presents two puzzles. First, it is unclear why Ω F /Ω H is so universal. Second, Ω F /Ω H ≈ 0.5 is a special value because it maximizes jet power. It is unclear why the FFE equations choose this special value.
Our goal in this Letter is to resolve these puzzles. Mathematically, we find a formula that computes Ω F (θ) at the horizon (or at infinity), given the magnetic flux A φ (θ) at the horizon and at infinity (c.f. equations 32 and 33). We find that if the angular distribution of the magnetic field is roughly uniform on the horizon and at infinity, then Ω F /Ω H ≈ 0.5. This applies to all stationary, axisymmetric FFE solutions. Exact solutions of FFE (or GRMHD) are not needed. Stationary jets settle into roughly uniform field configurations, which explains why Ω F /Ω H ≈ 0.5 is so universal, and it explains why the jet power (1) is correct for all practical purposes (up to order unity factors).
We give a physical interpretation of our results using the black hole membrane paradigm, which provides a dual description of the black hole horizon as a resistive membrane [14, 15] . We also use a recent extension of the membrane paradigm that gives a dual description of future null infinity as a resistive membrane [16] . The membranes at the horizon and at infinity carry currents. These currents, together with the usual currents in the black hole magnetosphere, form closed circuits. The spinning black hole acts as a battery. The ratio Ω F /Ω H is the circuit efficiency. When the efficiency is low, most of the energy generated by the black hole batarXiv:1504.00360v1 [astro-ph.HE] 1 Apr 2015 tery is dissipated in the stretched horizon. Just as for ordinary circuits, jet power is maximized when the efficiency is 50%, or Ω F /Ω H = 0.5. This corresponds to perfect impedance matching between the membrane at the horizon and the membrane at infinity. Both membranes have the same surface resistivity: R H = R ∞ = 377Ω [14] [15] [16] . So the impedance matching condition only depends on the angular distributions of the fields at the horizon and at infinity. Fields which are roughly uniform at the membranes achieve perfect impedance matching and have Ω F /Ω H = 0.5.
These results build on earlier models for black hole jets as circuits [14, [17] [18] [19] . However, for the circuit to close at large radii, earlier models required an astrophysical load region where the force-free approximation breaks down. So these models could not be applied to jets which are force-free everywhere. Real jets are not force-free everywhere, but if the load region is sufficiently far from the black hole then the force-free approximation should be valid. Furthermore, the load resistance in the earlier models was controlled by ill-understood physics and the theory leaves "to astrophysical model builders the horrendous task of trying to compute it [14] ." The main novelty of our approach is to identify the membrane at infinity as the load region. This allows us to apply our results to force-free jets. Furthermore, the membrane at infinity has a simple, universal resistivity, R ∞ = 377Ω. This universality ultimately explains the universality of Ω F /Ω H . Our paper is organized as follows. We present our model in §II, check our results against known FFE solutions and a GRMHD simulation in §III, and summarize and conclude in §IV.
II. RESULTS
The Kerr metric in Boyer-Lindquist (BL) coordinates is
where
and M and a are the mass and spin of the black hole. The event horizon is at r H = M 2 + √ M 2 − a 2 and the angular velocity of the horizon is Ω H = a/(2M r H ). The zero-angular momentum observer (ZAMO) frame is [20] 
The horizon has a dual description as a resistive membrane [14, 15] . The true horizon is null surface, so it is convenient to introduce a stretched horizon, which is a timelike surface slightly outside the true horizon. If the black hole is immersed in an electromagnetic field, F µν , then the stretched horizon carries a current density
It has recently been shown that future null infinity also admits a dual description as a resistive membrane [16] . It is convenient to define the membrane at infinity on "stretched infinity," which is a timelike surface far from the black hole. The current density on stretched infinity is
The key fact we will need below is that the membranes at the horizon and at infinity have the same surface resistivity [16] :
and they obey Ohm's law,
where E H and E ∞ are the membranes' electric fields. Let E and B be the ZAMO frame electric and magnetic fields in the black hole exterior. Faraday's law is [14, 21] 
where v is the velocity of the surface A as measured by a ZAMO, and d l and d A are the ZAMO frame line-and area-elements. For example, if ∂A is a circle centered on the origin, then d l = ρdθ. Faraday's law relates the rate of change of magnetic flux through A(t) to the electromotive force (EMF) around the boundary of A.
In the remainder of this section, we assume a stationary, axisymmetric, force-free electromagnetic field. The velocity of the magnetic field lines is
and the electric field is
where B P is the poloidal magnetic field. Consider the closed curve C in Figure 1 . The curve begins at Q on the stretched horizon, rises along a magnetic field line to the point R on stretched infinity, runs along stretched infinity to S, follows a different magnetic field line back to the stretched horizon at P, and returns along the stretched horizon to the starting point. The total EMF around C is
Assume C is at rest with respect to BL coordinates, so its velocity with respect to ZAMOs is v = β/α, where β = (0, 0, −ω). Faraday's law (17) gives
The only contribution to this integral is from the segment of C along the horizon, so
where ∆A φ is the magnetic flux threading the horizon between P and Q. The membrane at the horizon acts like a battery supplying the voltage ∆V . The total EMF splits into ∆V = ∆V H + ∆V ∞ , where
are the voltage drops across the horizon and infinity. The segments of C along the field lines do not contribute because the electric field is perpendicular to the poloidal magnetic field. Faraday's law does not apply to ∆V H and ∆V ∞ individually because they are not integrals around closed contours. There are two different ways to evaluate ∆V H and ∆V ∞ . The first way is to use (20) , which gives
The poloidal magnetic field, B P , extends between the stretched horizon and stretched infinity (heavy black lines). The closed curve, C, runs along the field lines in the black hole exterior and closes off along the membranes. The change in resistance along the membranes depends on the angular size of C. In this example, C subtends a smaller polar angle at infinity than at the horizon, so these field lines have ∆R∞/∆RH < 1 and consequently ΩF /ΩH < 0.5.
The second way is to use Ohm's law (16) , which gives
where the total current, I, is related to the current density by j = I/(2π )eθ, and
Here ∆θ H and ∆θ ∞ are the polar angles subtended by the segments of C on the horizon and on stretched infinity. The longer C spends on a membrane, the larger the resistivity.
Combining (26)- (29) gives
Taking the ratio of (30) and (31) gives our main result,
Equations (32)- (33) show that Ω F /Ω H only depends on the angular distributions of the field lines at infinity and at the horizon. If the distributions are fairly uniform, then one finds Ω F /Ω H ≈ 0.5. Full FFE solutions are not needed. This explains why the jet power formula (1) is correct for all practical purposes (up to order unity factors). We will consider some examples in the next section. The value Ω F /Ω H ≈ 0.5 has a nice physical interpretation. Equation (32) shows that Ω F /Ω H is the circuit efficiency. Just as for ordinary circuits, maximum power output at the load is achieved when the efficiency is 50%. When the efficiency is low, most of the power generated by the black hole battery is dissipated in the stretched horizon. When the efficiency is high, the load power is small because the total resistance of the circuit is large. Maximum power output corresponds to perfect impedance matching, ∆R ∞ /∆R H = 1. The ratio ∆R ∞ /∆R H depends on the angular distributions of the fields at infinity and at the horizon through (33). Uniform distributions give near perfect impedance matching because R H = R ∞ . Field lines which converge as they approach infinity tend to have ∆R ∞ /∆R H < 1 and Ω F /Ω H < 0.5. Field lines which diverge as they approach infinity tend to have ∆R ∞ /∆R H > 1 and Ω F /Ω H > 0.5.
III. EXAMPLES
In the previous section, we have shown that Ω F /Ω H depends only on the angular distributions of the field lines at infinity and at the horizon. The precise dependence is given by equations (32)-(33). These equations are useful because they imply all FFE fields which are roughly uniform have Ω F /Ω H ≈ 0.5. In this section, we check (32)-(33) by applying them to known FFE solutions.
The simplest solution is the slowly rotating split monopole [2] . This solution has ∆θ ∞ = ∆θ H for all field lines. So equations (32)- (33) give Ω F /Ω H = 0.5, as expected.
The next simplest solution is the slowly rotating paraboloidal field [2] [22] . The distribution of flux at infinity is
and the distribution at the horizon is
From these distributions we compute
Plugging into (32)-(33) and canceling factors of dA φ gives Ω F (θ). It precisely matches the known distribution of field line angular velocities at the horizon,
FIG. 2. GRMHD simulation of an accreting black hole with a/M = 0.7. Colors indicate rest mass density on a logarithmic scale (units are arbitrary because the MHD is treated in a test fluid approximation). The low density region along the polar axes has spontaneously developed a jet. The jet is approximately stationary, axisymmetric, and force-free. Black streamlines indicate B and green streamlines indicate E. In the magnetosphere, the current runs along B. On the membranes at the stretched horizon and stretched infinity, the current runs along E. The total current forms a closed circuit.
This is a nontrivial check that (32)-(33) are correct. This solution has Ω F /Ω H = 0.5 at the poles, Ω F /Ω H ≈ 0.27 at the equator, and a smooth monotonic variation in between. Numerical solutions are available for general black hole spins. Figure 2 shows one of our GRMHD simulations of a black hole with a/M = 0.7 [13] . The hole is fed by a geometrically thick accretion disk. The disk drags magnetic flux onto the hole. A low-density, highly magnetized jet develops along the black hole spin axes. The jet is approximately stationary, axisymmetric, and forcefree. The jet does not extend to true infinity, but it extends sufficiently far from the black hole that stretched infinity may be placed within the jet [23] . The angular velocity of the field lines may be computed using either (19) or equations (32)-(33). Both approaches give the same result within the jet (see Figure 3 ). This is a further check that (32)-(33) are correct. This solution has Ω F /Ω H ≈ 0.4 throughout the jet.
IV. CONCLUSIONS
We have shown that Ω F (θ) at the horizon (and at infinity) is completely fixed by the angular distributions of the magnetic field at the horizon and at infinity. We have further shown that roughly uniform fields achieve Ω F /Ω H ≈ 0.5. Stationary jets settle into roughly uniformly uniform field distributions, so this explains the universality of Ω F /Ω H ≈ 0.5 and it explains why the jet power (1) is correct for all practical purposes (up to order unity factors). We interpreted this result using the membrane paradigm and showed that the universality of Ω F /Ω H ≈ 0.5 ultimately follows from the universality of R H = R ∞ = 377Ω.
